The purpose of this paper is to show that, for the classical risk model, explicit expressions for survival probabilities in a finite time horizon can be obtained through the inversion of the double Laplace transform of the distribution of time to ruin. To do this, we consider Gerber and Shiu (1998) and a particular value for their penalty function. Although other methods to address the problem exist, we find this approach, perhaps, more direct and simple. For the analytic inversion, we have applied twice, after some algebra, the Laplace complex inversion formula.
INTRODUCTION
In this paper we assume that the counting claims process is a homogeneous Poisson process and that the Laplace transform of the density function of the single amounts is known. In the following, we shall use the model and notation of Bowers et al. (1987, Chapter 12) , although with slight modifications. Thus, we consider that the company has an initial reserve of U(0) = u, whose surplus at time t is
where c is the constant premium income per unit of time and {Y(t)} t ≥ 0 is a compound Poisson process with parameter l, where Y(t) is the aggregate claims amount up to time t and Y(0) ≡ 0.
Let g(t) be the density function of the time between two consecutive claims, so that g(t) = lexp (-lt).
A single claim amount is denoted by the random variable X with distribution function F(x) and density function f (x) = FЈ (x) .
The distribution and density functions of the aggregate claims amount up to time t are denoted by F t (x) and f t (x), respectively.
The Laplace transform of a non-negative function h(y) will be denoted by h(s), defined in the complex plane by . exp s s yhyd y h 0 = -
Unless otherwise specified, the abscissa of convergence will be denoted by s.
If the function has two independent variables (x,y), we will maintain the previous definition with respect to each of them, that is, The finite time ruin probability of the company, up to time t, considering an initial reserve u, will be denoted by c(u,t) and the corresponding survival probability by s(u,t) = 1 -c(u,t). The ultimate ruin probability will then be c(u) = c(u,∞) and the non-ruin probability s(u) = 1 -c(u). Following Gerber and Shiu (1998) and Dickson and Hipp (2001) , we denote by T the time to ruin and we define a function ƒ by
where I denotes the usual indicator function and d is a parameter defined in the complex plane with a non-negative real part. ƒ(u) can then be considered the Laplace transform corresponding to the random variable T. For d = 0, we get ƒ(u) = c(u).
We remark that ƒ can be written as
The purpose of our work is to find formulae for finite time survival probabilities, by means of the complex inversion of the corresponding Laplace transforms.
We start the research by capturing the double Laplace transform given by Gerber and Shiu (1998) , which is the basis of our future developments. To help the reader and keep the sequence of the text we derive in a simple way the referred formula, taking the opportunity to introduce and explain some aspects we will need later.
Part of the present work was presented by the author at the I:ME conference in Lisbon in 2002, namely our formulae for the exponential and Erlang(2) cases. Since then we added some other developments, like considering the mixed exponential amount distribution case and other authors have also done additional research on the matter. Namely, Drekic and Willmot (2003) considered the density of the time to ruin for exponential distributed claims, Dickson et al. (2003) consider a Sparre Andersen model and derive an expression for the density of the time to ruin for exponential claims and Dickson and Willmot (2004) invert the Laplace transform of the time to ruin in the classical model and give a formula which can be used to calculate some of the results we present.
In Section 2 of this paper the Laplace transforms of ƒ(u) and s(u,t) are derived. In Section 3 we then work the complex inversion of the double transform ŝ (d,s), and explicit results for exponential, Erlang(2) and mixed exponential distributed claims are achieved. For the complex inversion, we suppose that the reader is familiar with the residue theorem and with the Laurent series expansion for complex functions. At the end of the section we present some numerical results and, for comparison purposes, we compute the exact formulae obtained and the well known Seal's formula,
The numerical evaluation of the integrals has been done using the dichotomic algorithm considered by Lima et al. (2002) .
THE LAPLACE TRANSFORMS OF ƒ AND s(u,t)
Considering the instant and the amount of the first claim we may write . 
Changing the integration variable and differentiating with respect to u we get the relation
which is equation (2.16) of Gerber and Shiu (1998) with their w(x, y) = 1 for all x and y. Taking the Laplace transform of both sides of (6) and simplifying we get
Note that the zeroes of the denominator of (7) are the solutions of the Lundberg's fundamental equation
Following Gerber and Shiu (1998), we verify that (8) has a non-negative root r, which is zero for d = 0 and, for a large class of claim amount distributions, also has a negative root denoted by R. We note that for d = 0 the absolute value of R is Lundberg's adjustment coefficient. Considering in (7) s = r the denominator vanishes, so that r must also be a zero of the numerator and
and
Consider now the defective density under expression (4). We may write
so that, considering the properties of Laplace transforms, the double transform of s(u,t) can be written as
Replacing (7) in (12) and simplifying we get
Taking the same arguments used for expression (9), we get
The substitution of (14) into (13) gives
an expression obtained by Gerber and Shiu (1998) , using a different approach.
THE COMPLEX INVERSION OF ŝ

Exponential distributed claims
If the single claim amount distribution is exponential with mean 1/␣, we have
the Lundberg equation becomes
The first inversion ŝ (s, d) with respect to s (the counterpart of u) is simple and ŝ (u,d) can be determined by the complex inversion formula for Laplace transforms, so that, (Marsden 1999, page 471) . We can see that the implicit integrand function in (18) is analytic, with respect to s, except for the poles s = 0 and s = R. Note that s = r is a removable singularity. The residues r(s) will then be evaluated by the relation
The inversion of ŝ (u,d) is not that simple. The inverse transform of 1/d, the first part of (19), is 1. However, for the second part, we must consider the residues of the function
If we substitute R and r by their expressions as functions of d, extracted from Lundberg's equation (16), the integrand function is not analytic in any half complex plane. But, we may change the integration variable d through its natural relation with R from that equation, that is
If we multiply the new integrand function by dd /dR we get
where r has been substituted by -R -(-d -l + c␣) / c (from the relation between the two roots of Lundberg's equation). The new integrand is analytic, except for three singularities: {0}, {r} and {-␣}, which respect the relations -␣ < r < 0.
We note that | r | is Lundberg's adjustment coefficient.
The first two singularities are simple poles, but {-␣} is an essential singularity. However, notice that when, under Lundberg's fundamental equation, d progresses from 0 to +∞, R decreases from r until -␣. For d = 0, the integral that defines ŝ (u,d) is divergent, so that this transform and the first inversion already made, is only valid for Re (d) > 0. We conclude that {r} and {0} must be excluded for the second inversion. Besides, we can verify that the consideration of any of these poles, would result in an expression that would not give probabilities at all. The analysis of the new contour of integration presents some additional difficulties, since {-␣} corresponds to d = ∞. However, it can be avoided, because the limit of the contour can precede the limit of the improper integral considered, so that the singularity {-␣} shall be considered inside the contour.
To evaluate the residue at {-␣} it is necessary to develop the integrand function into a Laurent series expanded about the point R = -␣.
or, using partial fractions, we get
Considering that 
Erlang(2) distributed claims
If a single claim amount has an Erlang(2) distribution, with Laplace transform
the Lundberg fundamental equation will then be
This equation has three roots -Q, R and r respecting the relations
Note that r = 0 if and only if d = 0. Substituting (25) in (15) we get 
The first inversion of (27) with respect to s (the counterpart of u in the complex plane), gives the first Laplace transform ŝ (u,d) of s(u,t) with respect to t and can be obtained through the inversion formula (18) .
We can see that the integrand function in (27) is analytic with respect to s, except for the poles s = 0, s = R and s = Q. Note that s = r is a removable singularity and that Q is outside the domain of f (s). The residues should then be evaluated by the relation 
As in the last example, the inversion of ŝ (u,d) is not that simple. The inverse transform of 1/d, the first part of (28), is 1. However, for the second part, we must consider the residues of the function
We note that when d, the implicit integration variable, progresses from 0 to ∞, R decreases from r until -␣.
To proceed with the inversion, we must change the integration variable d through its natural relation with R, that is
and multiply the result obtained by the derivative of d with respect to R. After some simplification we get 
Using the same arguments as for the exponential distribution example, we can conclude that, again, -␣ is the only singular point to be considered. To determine the residue of the first part of (30) let us expand it into a Laurent series of powers of (R + ␣). For that purpose we take R = z -␣ obtaining 
where a denotes u + ct and b denotes tl␣ 2 . To determine the residue of the second part of (30) it is necessary to express 1/r as a function of R. Writing Lundberg's fundamental equation (26) and considering that the sum of the three roots is -a 1 and that its product is -a 3 , we have
Solving the last equation for 1/r, we can see that it has two roots but only one represents 1/r, which is
Expanding this expression into a Maclaurin's series, we may write
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Considering now the second part of (30). It can be written as
Expanding the exponential functions between brackets in powers of z and taking the product of the three series, the coefficient of z -1 becomes 
Substituting a and b and simplifying, we get 
Mixed exponential distributed claims
If the individual claim amount has a mixed exponential distribution with two weights, b and (1 -b), the Laplace transform is
FIGURE 1.
Supposing that, without loss of generality, b > ␣, the transform will be defined only for s > -␣. It is interesting to see the graphic corresponding to both sides of Lundberg's equation The substitution of f (s) in (15) gives, after simplification,
As it can be seen, equation h(s) = 0 has a null root and three roots more: Q, R and r, each of them depending on d and respecting the inequalities
We can see that when d moves from zero to infinity, r also goes from zero to infinity and R varies from right to left starting from r until -␣. The root Q is outside the domain of f (s) and consequently must not be considered for inversion purposes. The first inversion of expression (37) with respect to s can be obtained through the inversion formula (18), already used for the previous distributions.
We can see that the implicit function defined in relation (37) is analytic with respect to s, except for the singularities s = 0 and s = R. Notice once again that s = r is a removable singularity.
Considering that the above singular points are simple poles, the corresponding residues r(.) can be determined by the relation
Considering the complex inversion formula we get
The inversion of this transform needs the evaluation of an integral with respect to d of the function
The inverse transform of 1/d, the first part of (41), is 1. For the second part we must consider the residues of the function
exp(dt + uR) r(R).
Expressing d as a function of R, that is,
multiplying by the derivative of d with respect to R and simplifying,
As in the previous examples, the singularities to be considered are in the exponential part of the integrand function and they are two essential singular points: one corresponding to R = -␣ and the other resulting from R = -b. As the order does not matter, we will start with R = -␣ and with the second part of (43) exp R 
Some numerical results
We have computed the explicit formulae for survival probabilities derived in the previous subsections for the three distribution cases presented and also the corresponding Seal's formulae. The results presented consider four different initial reserves (0, 1, 2 and 10) and ten consecutive time intervals (1, 2,...,10).
In the tables below, in column (1) we present the results from explicit formulae and in column (2) the numerical results obtained with Seal's integral formulae.
Some numerical differences between the first column and the second are due, in our opinion, to the complexity of the integral approximation using Seal's formulae and the implicit error committed with this type of approximation. The results obtained from the explicit formulae, should be in principle more accurate, once we have used some auxiliary functions such as Bessel functions and generalized hypergeometric functions that simplify significantly the necessary programs and that are built-in functions in the software used (Maple). 
ADDITIONAL REMARKS
In this paper we have shown that, in the classical risk model, it is possible to obtain explicit expressions for survival probabilities in a finite time horizon when the individual claims are mixed exponential or Erlang distributed. The same techniques used could also be extended to other particular claim amount distributions. The extension of these techniques to other risk models depends, in first place, on the possibility of obtaining an explicit or implicit formula for the double Laplace transform corresponding to formula (13) and, in second place, on the analytic properties of this transform.
